EFFECTIVE ACTION FOR DIRAC SPINORS IN THE 
UNIFORM ELECTROMAGNETIC BACKGROUND FIELDS 



ROBERTO SOLDATI 

Dipartimento di Fisica "A. Right", Universitd di Bologna, 

LORENZO SORBO 
S.I.S.S.A.-I.S.A.S., Trieste 

Some new expressions are found, concerning the effective action as a regularized 
path-integral for Dirac's spinors in 3+1 dimensions, in the presence of general 
uniform (i.e., constant and homogeneous) electric and magnetic fields. The rate of 
e + e — pairs production is computed and briefly discussed. 



Path-integrals over Grassmann-valued Fermi fields are formally given by 
means of the well known Berezin's recipe a. Gaussian path-integrals of the 
above kind involving some self-adjoint Dirac-like operator are naively equiva- 
lent to functional determinants: for instance 



J [dip] [dip] exp | - J ipDipdx^ = JJ A„ = detL>, 



(1) 



where D = D* and Dtp n — \nipn, A„ ^ 0, {?An} being the complete 
orthonormal set of eigenfunctions of some self-adjoint invertible operator D 
with purely discrete non-degenerate spectrum. _ 

Functional determinants can be defined in a rigorous mathematical way@ 
for general dimensionless invertible elliptic systems of partial differential opera- 
tors defined on some compact manifold without boundary. For suchQ a system 
of operators A: 

(i) complex powers A~ s do exist, (ii) A~ s has a continuous kernel K- s , 
if the real part of s is sufficiently large, (Hi) K_ s (x,y) is an entire function 
of s, where (x, y) are local coordinates on a compact manifold M. without 
boundary and x ^ y, (iv) K_ s (x, x) extends to a meromorphic function, (v) 
K- S (x,x) has no poles at s = 0, —1, —2, . . . 

Owing to the above results, we can safely define the ^-function associated 
to the system A as 

U(s)= trK- s (x,x)dn(x), (2) 

J M 

a The system A is supposed to be elliptic of order m > 0, invertible and to admit a ray of 
minimal grow for its resolvent. 
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where the trace tr refers to discrete matrix-like indices of the system A while 
dfj, is the invariant measure on the compact manifold _M. Thanks to (v), the 
functional determinant of A can be rigorously defined □ by means of 

det^ = exp|-^CA(s = Q)J. (3) 

Let us now consider quantized Dirac's four components massive spinor 
fields in the presence of some background classical uniform (i.e., constant 
and homogeneous) general electromagnetic field. The use of the path-integral 
method forces us to work in the euclidean framework: only at the very end of 
our calculations we shall operate a Wick rotation to Minkowski space-time^]. 
The effective euclidean action in the semi-classical approximation is given by 

SEM = J d 4 x \f, v F, v logdet ( J|i "| i +im ) , (4) 

where -0^4^] = 7 A1 («<9 Al + eA^) is the self-adjoint euclidean Dirac operator, m 
being the fermion mass and /i some suitable mass scale. As the massive Dirac's 
operator is normal we have 



det 



D + im 



The effective lagrangean is thereby defined to be 



2 {D 2 + m 2 , 
= det I j ) = det #- (5) 



Cl e [A ll ]=CUA li ]-\^ §- s Ch(s) 



(G) 



Since the square H of the massive Dirac's operator is elliptic, invertible and 
positive, its determinant can be evaluated by means of the £-regularization. A 
frame can always be chosen such that F03 = — F30 = E, F12 — — -F21 = B, all 
the other components of F^ v vanishing. 

After setting a = \eE/fi 2 \, b = \eB/fi 2 \ and c = (m 2 /fi 2 ) we get 

ab r ,. iS -i„_ ct L e- 2 «*+e- 26 ' 



CH ^ = ^T(s)J dtt ° l 2 (l-e^)(l-e-^) +1 i- (7) 

Explicit formulae were known i for the effective euclidean lagrangean in the 
cases B =J3 (or E = 0) and E = B. It is possible to obtain asymptotic 
expansionstJ in powers of \B/E\ both in the massive and massless cases. 

'On R 4 one can rigorously define the effective action per unit volume. 
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The starting point is the scaling property Ch(s) = o 2 6 g{s',y, z), so that 
it is sufficient to study the relevant quantity 

v f°° ( e" 2t + e~ 2yt *} 

9 ^ Z) = W)l d " S " le " Zt { 2 (l-e-^)(l-c-^) +1 }' < 8 > 

as a function of the ratio y = (b/a) = \B/E\ at a given z = (c/a) = \m 2 /eE\. 
Expansions around y = 1 -O- \E\ = \B\ are easily obtained. The non-trivial 
result is the expansion around \B\ = y = 0: 

g(s; y,z) = %£ £f =0 (ftf^^ - 1 + ^){Kr (* - 1 + 2A; 1 + f ) + 

+ (§) 1 " 2fe ^} + o( 2 / 2Ar + 2 ), 

in which B 2 fc is the 2fc-th Bernoulli number and ^(a;x) is the Riemann- 
Hurwitz C-functionB. Exploiting the above scaling property the effective eu- 
clidean lagrangean of QED in the presence of uniform fields can be easily 
calculated as an asymptotic series in \B/E\ or \E/B\. 

Now we show how these corrections to the E = case work, paying special 
attention to the rate of production of fermion-antifermion pairs. Denoting by 
£ and B the minkowskian electric and magnetic field strengths respectively, 
the transition to the Minkowski space-time is performed by means of the sub- 
stitution 

C™ e (£,B) = -£i s (E = -i£,B = B). (10) 
The exact pairs production rate per unit volume w — 2ImC^ s at B — is III 

°) = ^E^p{-„^}, <u> 

n— 1 v J 

which shows that the function w{£) is not analytic in £ — 0. Now, with the 
aid of the previous asymptotic expansion we obtain the first corrections of the 
order 0(B/£) 2 to the total rate of production of e + e~ pairs that reads 

e 2 £ 2 ^fl n 2 B 2 \ ( irm 2 } /£> 4 \ 

w = 4^g(^ + y^j cxp i^^/ + °W- (12) 

The above formulae are not analytic in £ = 0, owing to the non-perturbative 
character of this phenomenon. Considering also the second term of order 
0{B/£) 4 to the "unperturbed" effective la grangean and retaining only the 
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first terms in the expansion for weak fields, we get the effective lagrangean in 
the limit \eB\ <C \e£\ <C m 2 /2: namely, 

which is in perfect agreement with the Euler-Heisenberg effective lagrangeani 
describing the light-light scattering at very low photons momenta, after set- 
ting the arbitrary scale fj, at the main scale m of the problem. According to a 
naive interpretation, the phenomenon of particle production in external elec- 
tromagnetic fields is due to the fact that virtual pairs created in the vacuum 
are accelerated by the electric field and may gain energy enough to reach the 
threshold (the electron/positron mass) and become physical particles. On the 
other hand electrically charged particles do not acquire energy from a magnetic 
field, so that it is rather surprising that a (weak) magnetic field gives itself a 
contribution to the rate of pair creation as we have shown to be 

n— 1 *■ j \ / 

Analogous calculations in the non-Abelian case as well as in the case of 
chiral fermions would be quite suggestive and useful. 
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